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Abstract. We focus on two kinds of infinite index subgroups of the mapping class 
group of a surface associated with a Lagrangian submodule of the first homology of 
a surface. These subgroups, called Lagrangian mapping class groups, are known to 
play important roles in the interaction between the mapping class group and finite- 
type invariants of 3-manifolds. In this paper, we discuss these groups from group 
(co)homological point of view. The results include the determination of their abelian- 
izations, lower bounds of the second homology and remarks on the (co)homology of 
higher degrees. As a by-product of this investigation, we determine the second homol- 
ogy of the mapping class group of a surface of genus 3. 



1. INTRODUCTION 

Let be a closed oriented surface of genus g regarded as the boundary of an ori- 
ented handlebody Hg of the same genus. We fix a basis oi H := ifi(Sg) as in Figure 
[T]so that Ker(ifi(Sg) Hi{Hg)) coincides with the subgroup L of H generated by 

{Xl,X2, . . -yXg}. 



Xi X2 




Figure 1. A symplectic basis of Hi{Eg) 

The module H has a natural non-degenerate anti-symmetric bilinear form ji : H ® 
H Z called the intersection pairing. It is easy to see that L is a maximal direct 
summand of H on which /i is restricted to the trivial one. Such a submodule is said 
to be Lagrangian. By using yu, we can naturally identify H/L, L* := Hom(L, Z) and the 
subgroup Ly of H generated by {yi, ?/2, • • • , Vg}- 

The mapping class group Mg of is the group of isotopy classes of orientation pre- 
serving self-diffeomorphisms of Sg. In this paper, we focus on subgroups of Aig which 
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respect the above fixed Lagrangian submodule L of H. More precisely, two groups 

Cg := {feMg\ ML) = L}, 
ICg:={feMg\f,\L=idL} 

are studied through their group (co)homology. Clearly, ICg c Cg. We here call them 
Lagrangian mapping class groups or Lagrangian subgroups. 

One motivation by which the author started to study these groups is that the groups 
Cg and ICg locate between Mg and the Torelli group Ig, where the latter group consists 
of isotopy classes of self-diffeomorphisms of T,g acting trivially on H. Moreover it 
should be pointed out that they are infinite index subgroups of Aig. The importance 
to study infinite index subgroups of Aig containing Ig will be explained in Section 
I7.2l with the relationship to the (non-)triviality problem of even Miller-Morita-Mumford 
classes esi G H^\Mg] Q) pulled back to H^\Ig] Q). 

The study of Lagrangian subgroups has been done by several researchers and we 
here recall them briefly Hirose studied a generating system of Cg in ||T6l , where Cg 
is called the homological handlebody group. In fact, Cg can be seen as a homological 
extension of another subgroup of Mg called the handlebody mapping class group Hg, 
where 1-Lg consists of isotopy classes of orientation preserving self-diffeomorphisms of 
Eg which can be extended to a self-diffeomorphism of the handlebody Hg of genus g 
bounding S^. We can easily check that Cg = Hglg. Note that, prior to Hirose's work, 
Birman gave a generating set of Cg/Ig = 'Hg/Xg in ||4|] and we can give a generating set 
of Cg by combining this with Johnson's finite generating set of Ig (see [20J). 

As for TCg, Levine gave a series of investigations in Il24ll25ll26ll . He defined a filtra- 
tion of XCg called the Lagrangian filtration, which is analogous to the Johnson-Morita 
filtration of Xg, by applying the theory of Johnson-Morita homomorphisms with an 
appropriate modification so that it conforms well to ICg. 

Recently, Cg and ICg appear and play an important roles in the theory of finite-type 
invariants of 3-manifolds. See Andersen-Bene-Meilhan-Penner |fT|, Cheptea-Habiro- 
Massuyeau HlOl , Cheptea-Le ffTTH (with a slightly different definition), Garoufalidis- 
Levine ||T3ll , and Levine 11251 126II for example. However, it seems that investigations of 
Cg and ICg in many papers had been done separately As we see in the sections below, 
it is natural to put Cg on the top of the Lagrangian filtration of ICg and study them 
simultaneously as in the case oi Mg and Ig. 

We here mention the contents of this paper. We first summarize the notation and 
fundamental facts on Cg and ICg in Section |2l Then we will discuss the following in 
order. 

• Section |3l Determination of ifi(J£g), 

• SectionHl Determinations of Hi{Cg/Ig) and H2{Cg/Ig), 

• Section|5l Determination of Hi{Cg) and a lower bound of H2{Cg), 

• Section [3 Remarks on higher (co)homology of Cg and ICg. 
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Precisely speaking, we study in Sections |3] and |5] the Lagrangian subgroups of a surface 
with one boundary component and then derive the statements for those of a closed 
surface in Section [6l 

As a by-product, we will give a remark that the second homology of the full mapping 
class group of genus 3 has Z2 as a direct summand (Theorem 14.81 and Corollary |4.9|) , 
where this group has been almost determined by Korkmaz-Stipsicz Il23l up to this Z2 
summand. 

In this paper, we use the same notation H^{-) for the homology of both topological 
spaces and groups unless otherwise stated. We refer to Brown's book HI for generali- 
ties of group (co)homology. 



2. Lagrangian mapping class groups 
We start from the following well-known exact sequence 
(2.1) l^Ig^Mg^ Sp{2g, Z) 1 

obtained from the action of A4g on H with Ker a = Xg, the Torelli group. We identify 
H with by using the ordered basis (xi, 0:2, ... , Xg, yi, 1/2, ■ ■ ■ , Ug)- The symplecticity 

condition for a {2g) x {2g) matrix X = with g x g matrices A, B, C, D is given 

by 

'XJX = J, 

where J := ^ ^ is the standard symplectic matrix. The left hand side of the 

condition is equal to 

-'CA + 'AC -'CB + 'AD^ 
-^DA + ^BC -^DB + ^BD^ 

From this we see that if C = 0, then D = ^A^^ and A^^B is symmetric. This case 
corresponds to o-{Cg). That is, if we define 



urSp{2g) :- 



A B 

o 



A B: symmetric > , 



then urSp{2g) is a subgroup of Sp{2g,!i^Q) and Cg = a ^{urSp{2g)) by definition. We 
have the exact sequence 

(2.2) i^j^^Cg^ urSp{2g) 1. 

Moreover, if C = O and A = D = Ig, then the matrix B itself is symmetric. In this case, 
the subgroup 



Ig B 
O Ig 



B: symmetric 



eSpi2g,Z) 

is naturally isomorphic to the second symmetric power S^L oi L because 

Hom(Ly, L) = Hom(L*, L) = L ® L 
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and B is symmetric. By definition, ICg = a ^{S'^L) and we have the exact sequence 

(2.3) 1 >Ig > ICg S^L > 1. 

Note that S'^L is a free abelian group. S'^L and urSp{2g) are related by the exact se- 
quence 

(2.4) 1 — >S^L — > urSp{2g) ^ GL{g, Z) — > 1, 

where the map ul assigns to each matrix its upper left block of size g x g. Note that this 
group extension has a splitting defined by 

GL{g,Z)-^urSp{2g) ^ (o tj^-i))- 

Using (|2.4[) , we obtain the exact sequence 

(2.5) l^ICg^Cg^ GL{g, Z) ^ 1, 

where we put aiH '■= ul o acg- 

In the subsequent sections, we will use the above exact sequences to discuss the 
homology of Cg and ICg. However, by a technical reason, we first consider the map- 
ping class group Mg^i of the surface Sg i obtained from Sg by removing an open disk, 
where each mapping class is supposed to fix the boundary of i pointwise, and its 
subgroups Cg^i, ICg^i and Jg_i corresponding to Cg, ICg and Ig respectively. Exact se- 
quences similar to the above hold for these groups. We also assume that > 3 to 
escape from the complexity of l2,i, which is not covered by Johnson's work (see the 
next section). 

3. The first homology of ICg^i 

We begin our investigation by determining the first homology, namely the abelian- 
ization, of ICg^i by using the five-term exact sequence 

(3.1) H2{ICg,i) ^ H2{S^L) ^ H^{IgA)s^L ^ ^i(X/:g,i) ^ H^{S^L) ^ 
associated with the group extension (|2.3|) . Hereafter we write 

for elements oi S'^L (Z L ® L. The set 

{Xl\l<i<g}U {Xi, \ l<i<i<g} 

forms a basis of S'^L. 

Lemma 3.1. (a|i£^ J* : H2iICg^i) H2{S'^L) = A^{S^L) is surjective. 

Proof. We use the technique of abelian cycles to construct homology classes in lm(a\iCg i ) * 
That is, for each homomorphism (/) : Z^ — > ICg^i, we have a homology class G 
H2{ICg^i) by sending the fundamental class 1 G H2{'Z,'^) = Z to H2{ICg^i). Such a class 
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which is in fact defined on cycle level, is called an abelian cycle associated with Lp. 
Moreover, we can see that 

(^Ix/:,,, o ^),(1) = {a\jc,., o 0)) A ia\xc,., o y,)((0, 1)) G A^iS'L) = H^{S^L), 

where (1, 0), (0, 1) G 7? (see Bm Lemma 2.2] for details). 




Figure 2. 

Consider simple closed curves on Eg i in Figure |2l Let Gi (resp. G2) be the subgroup 
oiXCg generated by {T,^Jij U {T.Jfc (resp. {T^^Jij U {T^J^). Since 

0"|x£9,i(rc,,) = 0-|j£3_i(Ta!,.J = X,^ - Xij + CT|l£^^,(rcJ = Cr| (Td J = X^, 

each of (y\iCg,A'^i) ^^id (t|j£^^(G'2) generates S'^L. Clearly fg = gfE 2Cg holds for any 
f e Gi and g G G2. Hence, for each element of the form a A 6 in A^(S'^L), we can take 
/i G Gi and /2 G G2 so that ((t|j£^ J(/i) = a, ((t|i£^_J(/2) = & and /1/2 = /2/1. These 
elements give a homomorphism : ^ ^^-^g,! with {a\xcg,i ° V^)*(l) = a Ab, which 
implies the surjectivity of {o-\xCg.i)*- ^ 

Lemma |3H shows that H2{TCg^i) is non- trivial (see also Theorem 17. In particular, its 
rank, which may be infinite, gets bigger and bigger when g grows. 

Before going further, we here recall some results on the Torelli group Xg 1 obtained 
by Johnson in IIT7ll - ll22ll . First, he showed in [20 J that 1 is finitely generated for g > 
3. This fact together with the sequences (|2.2|), (|2.3|) imply that Cg^i and TCg^i are also 



finitely generated. At present, it is not known whether they are finitely presentable or 
not, where the same question for X^, 1 has been an important open problem. Second, it 
was also shown that X^ 1 is normally generated by only one element Tc^T^^ (see Figure 
Finally, in 112211 , he determined the abelianization of X^ 1 written as follows. Let B be 
a commutative Z2-algebra with unity 1 generated by formal elements x for x E H 0Z2 
and having relations 

x^ = x, X + y = x + y + fl^x, y) 
for x,y E H Z2, where 'Jl{x, y) := y) mod 2. The algebra B can be graded by sup- 
posing that each x has degree 1. Let 5* be the submodule of B generated by elements 
of degree at most i. We now concern B^ with a filtration 

B^ D B^ D B^ D B^ = {0,1}- 



We have a natural action of Mg^i on B^ defined by / x := /* (x). It is easily checked that 
there exists a natural i-equivariant isomorphism 

B^B^ = A^(iJ® Z2). 
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Therefore we can take the fiber product /\^H ^Ai[H®Z2) of natural projections 
B^/B^ = A^{H ® Z2) and A^H A^{H ® Z2). Then Johnson gave an A^^^i-equivariant 
isomorphism 

{t,P) : i/i(Jg,i) ^ A^H x^3^Hm2) B\ 

where Mg^i acts on Jg 1 and Hi{Ig^i) by conjugation and on A^H X/\-i{Hm2) diago- 
nally. The homomorphism r is now called the Johnson homomorphism flTl |2T]| and f3 is 
called the Birman-Craggs-Johnson homomorphism (see IITSl and Birman-Craggs [61). Ex- 
plicitly, the isomorphism is given by 

Tc2Td^^ I — ' {xi A yi A ^2, ^1^1(1/2 + 

which characterizes an i-equivariant homomorphism uniquely because Tg i is nor- 
mally generated by Tc^T^ 



-1 

d2 ■ 



Lemma 3.2. Hi{Ig^i)s2L = | 



A^L*®L*®A^{L*®Z2) {9 = 3), 
A^L*®L* (^>4). 



Proof. By definition, the coinvariant part Hi{Ig^i)s2L is the quotient of ifi(Jg 1) by the 
submodule Qo generated by {ax — x \ a e S'^L, x G Hi{Ig^i)}. We now list a generating 
set of Qo explicitly Assuming that the indices k,l G {1, 2, . . . , (7} are distinct each 
other, we have 

(x^ A A ~h ^ji')? x^XjXj ~h (x^ A Xj A yj^ x^XjUj^ 

= {xi A Xj A i/j, XiXjixj + yj + l))-{xiA Xj A yj^x-ix^y^) 
= {0,Xix'^j +XiXjyj) = (0,0), 

where we used the relations x'j = xj and 2xiXj = in 5^. We denote this result by 

(la) [Xj] {xi A Xj A yj,XiXjyj)] := (0, 0), 

for short. Similar calculations show that 

(16) [Xfcj; {xi A Xj A yj.XiXjljj)] = {xi A Xj A Xk, XiXjXk), 

(Ic) [Xi j; (xi A Xj A yj.XiXjljj)] = (0, XiXj), 

(2a) [Xk, {xi A Xj A yk, XiXjyk)] = {xi A Xj A Xk, XiXjXk + XiXj), 

{2b) [Xj^k, (xi A Xj A yk, XiXjlj^)] = (0, XiXj), 

(2c)* [Xi^k, {xi A Xj A yk, XiXjyk)] = {xi A Xj A xi,XiXjXi), 

(3a) [Xj] {xi AyiA yj,Xiyiyj)] = {-Xi A Xj A yi, XiXjlji + x^yj, 

(36) [Xi^k, {xi AyiA yj,Xiyiyj)] = {xi AxkA yj,XiXkyj), 

(3c) [Xj^k] {xi AyiA yj,Xiyiyj)] = {-Xi Axk A yi,XiXkyi), 

{3d) [Xij; {xi AyiA yj,Xiy,^j)] = {xi A Xj A yj,XiXjyj + XiXj + x^yj. 
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(4a) [Xj] {xi A yj A yk, Xiyjlj,,)] = {xiAXj A yk,x,Xjyk + x^y^), 

(46) [Xij; {xi A yj A yk, x^yjy^,)] = (0, Xiy^), 

(4c)* [XjX, (xi A Vj A yk, Xiy^yk)] = (xi A xi A yk, XiXiy^,), 

{Ad) [Xj^k, {xi A yj A yk, Xiyjljf,)] = {xi AxkA Xj + Xt A Xk A yt - x,, A Xj A yj, 

XiXkXj -\- XiXkyk ~l~ XiXjyj), 

(5a) [Xi; {yi A yj A yk, ViVjUk)] = {xi A yj A yk, Xi^jjlJ^ + yjVk), 

(56)* [XiX, {yi A yj A yk, yiVjyk)] = {xi A yj A yk, xiljjy,,), 

(5c) [Xij] {yi A yj A yt, ViVjUk)] = {xj AXiAyk + Xj A yj Ayt- Xi Ayi A yk, 

XjXiyk + Xjyjyk + Xiyiyk), 

(6) [Xif, (0,Xil/J] = {Q,XiXj), 

(7a) [Xj] (0, xiyj)] = (0, XiXj + Xi), 

(76) [X,y,{0,x,yj)] = {0,x,), 

(7c) [Xj^k] {0,Xiyj)] = {0,XiXk), 

(8a) [Xi; (0, yiljj)] = (0, x^ljj + yj), 

(86) [X,^k;{^,y,yj)] = {^,xkyj), 

(8c) [Xij-; (0, y^^j)] = (0, XiXj + XilJi + Xjljj), 
(9a) [Xf,{0,y,)] = {0,x, + l), 
(96) [X,,;{0,y,)] = {0,x,), 

where ( ■ )* means that it is valid for (7 > 4. The actions not listed above are all trivial, 
namely ax — x = (0, 0), so that they do not contribute to Qo- In particular, there are no 
contribution from the elements 

{xi A Xj A Xk,XiXjXk), {Q,XiXj), (0,Xi), (0, 1). 

From (76, 9a, Ic, 16, 46, 8a, 36, 3c, 3a, 56, 5a), we see that, for g > A, Qq contains (0, Xj), 
(0, 1), (0,XiXj), {xi A Xj A Xk,XiXjXk), {0,Xiy^), {0,yj), {xi A Xk A yj,XiXkyj), {xi A Xk A 
yi, XiXkyi ), (0,Xi2/i), i^i ^ Vj ^ yk,xiyjyk), {0,yjyk) in order, and that combinations of 
these elements express all the generators listed above except (5c). Finally (5c) shows 
that {xj A yj A yk — Xi A yi A yk, XjlJjlJi^ + Xiljiy^) are in Qq. Our claim for g > A follows 
from this, where we send {yk AXi A yi,y^Xiy,-) G Hi{Ig^i)s2L, which does not depend on 
i, to yk e L*. 

When g = 3, differently from the above, we cannot remove {xi A yj A yk, xfijjyk) and 
{^lyjVk) simultaneously. In this case, we use (5a) to eliminate {xi A yj A yk,xiyjyk) and 
conclude that (0, yjyk) survive in Hi{Ig^i)s2L and form A^(L* (g) Z2). □ 

By the exact sequence (|3.1|) together with Lemmas 13.11 13.21 we conclude the follow- 
ing. 

Theorem 3 3 HAIC ,) - I ® ^* ® ® ® = 

ineorem 3.3. n^[iLg,^) _ | ^3^, ^ ^ ^ 
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Remark 3.4. In ||24l Theorem 1], Levine constructed a surjective homomorphism 

J : HiiXCg^i) A^L*®L*, 

by using the Johnson homomorphism r for Ig i. We can check that J' coincides with 
the projection to the first two components of the isomorphism in Theorem 13.31 In [81 
Section 5.1], Broaddus-Farb-Putman gave another construction of J'. In fact, their ho- 
momorphisms called relative Johnson homomorphisms cover not only ICg but any sub- 
group of A4g fixing a given submodule of H. Therefore, what we have shown is that 
together with S'^L, whose contribution to Hi{ICg^i) is obvious, their homomorphisms 
actually give enough information of Hi(XCg^i) for g > A, while there exists one more 
summand A^(L* ® Z2) when g = 

4. The first and second homology of urSp{2g) 

In this section, we determine the first and second homology of urSp{2g) for later use. 
By a technical reason, we first consider its index 2 subgroup urSp^{2g) defined by 

(4.1) 1 — y urSp+{2g) — > urSp{2g) Z2 — > 1. 

By restricting the sequence (|2.4|) to urSp^{2g), we have a split exact sequence 

(4.2) 1 — >S^L — > urSp+{2g) ^ SL{g, Z) — > 1. 
Proposition 4.1. (1) urSp^{2g) is perfect, that is Hi{urSp~^{2g)) = Ofor g >3. 



(2) H2iurSp+i2g)) = 

We will prove this proposition by using the Lyndon-Hochschild-Serre spectral se- 
quence 

(4.3) = H,{SL{g,Z)-H,{S'L)) =^ H^{urSp+{2g)) 

associated with (|4.2[) . Before that, we here recall the first and second homology of 
SL(g, Z). It is well known that SL{g, Z) has a presentation 

• generators: {cij \ I < i < g,l < j < g and i ^ j}, 

• relations: [cjj, e^i] = 1 ii j ^ k and i ^ I, 

[eik, ekj] = Cij iii^ J ^k^i, 
(ei2e^/ei2)^ = 1, 

where corresponds to the matrix whose diagonal entries and -entry are 1 with 
the others 0. From this presentation, we immediately see that SL{g, Z) is perfect for 
every (7 > 3. The second homology, which is also called the Schur multiplier, of SL{g, Z) 
is also known: 



2 




u(QT( r7NN~/^2©Z2 (fi- = 3, 4, by Van der Kallen ||36l) , 

H2[bL[g,'L)) = ^ Z2 ((7>5), 

where van der Kallen also showed in [36 J that one summand of H2{SL{3, Z)) = Z2 © Z 
survives in the stable homology lim H2{SL{g,Z)) = K2{'L) = Z2 under stabilization. 
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while the other one vanishes in H-2{SL{A^ Z)). We also refer to books of Milnor [|27| and 
Rosenberg ||32| for the above facts and generalities of the second homology of groups. 

For computations of the zeroth and first homology of a group G, we can use any 
connected CW-complex X with ttiX = G. Let Xg be a connected CW-complex associ- 
ated with the above presentation of SL{g, Z). Namely Xg consists of one vertex, edges 
{{^ij) \ ^ ^ i ^ gA ^ j l£ 9 and i ^ j} and faces 

{([cij, Cfei]) I ^ and i 7^ /} U {([e^fc, ekjYT,^) \iii^j^k^i}U {((61262/612)^)} 

attached to the 1-skeleton of Xg along the words. We consider S'^L to be a local coeffi- 
cient system on Xg. The boundary maps 

d, : Ci(X,; S'L) ^ GoiXg; S'L) = S'L, 

d2:G2{Xg-S^L)^Gi{Xg-S^L) 

of the complex G^^{Xg; S'^L) = G^{Xg) (g) S'^L are given by 

di{{e,,)®c) = (e,r.i-l)c, 

c?2((eie2 ■ ■ ■ e„) (g) c) = (ei) (g) c + (62) ® e^^c + (63) (g) {6162)^^0 H 

+ (e„) O (6162- ■ - e^-O'^c 
for c G S'^L, where ei, 62, • • • , e„ e {eijjjj U {e,^-^}jj and (e^j^) (g) c := -(cij) (g Cijc. 

Lemma 4.2. (1) Ho{SL{g,Zy, S'L) = {S^L)sL(g.z) = for g > 3. 
(2) i7i(5L(^,Z);^2^) =0 /or(7>4. 

Proof. Here and hereafter, we suppose that the indices i, j, k, I are distinct each other. 
We have 

9i((e,,) ® Xf) = (e.r.i - = (-x, + x,)®' - X| = -Xf - X,„ 

di{{eij) (g Xjk) = {e^^ — l)Xjk = {—Xi^ + Xj^) — Xj^ = —Xi^. 

By running i, j, /c in {1, 2, ... , g} with (7 > 3, we see that di is surjective and (1) holds. 
To show (2), it suffices to check that di : Gi{SL{g, Z); S'^L) / Im ^2 S'^L is an isomor- 
phism. Assume that g >A. Gi{SL{g, Z); S'^L) is generated by elements of types 

I: (e,,)®X2, II: (e,,-)®X|, III: (ei,-)®X|, 

IV : {eij) ® Xij, V : (cij) ® X^-^, VI : (cij) ® X^;, VII : (ci^-) ® Xm- 

For c G S'^L, we have 

52(([eife, efej]er.i) ^ = (cifc) ® (1 - efc/er.i)c + {ckj) ® (e"/ - e-.^)c - {cij) ® c. 

By putting c = Xf, X|, X|, Xf , Xjk and X^;, we see that 

(i) -(e,,)®X2 (type I), 

(ii) {e,k) ® (Xi,- + X,-fc - Xf - X|) + (cfcj) ® (-Xf + Xi,) - {ei,} ® Xj, 

(iii) {ekj) ® (Xf - X,fc + X|) - (e^,) ® Xl 

(iv) -(e,,)®X2 (type III), 

(v) (e,fc) ® (Xife + 2X|) + (etj) ® (X^^ - X,j) - (e,^-) ® X^-^, 

(vi) (cik) (g (Xii + Xki) + {ckj) (g Xii - {dj) (g Xj7 
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are in Im 82. From (i), (iii) and (iv), — (e^j) ® Xik (type VI) is in Im 82. Also 
(vii) d2{{[e,„ e,i]) ® Xf) = (e,,) ® (1 - e,-/)Xf + {e^i) ® (er.^ - 

(viii) d2{{[eij, ekj]) ® X|) = (ci^-) ® (-X^^ + X^j) + {ckj) ® (X,^ - X^j) 

are mlmd2. From (iv) and (vii), (cjj) X^/ (type VII) is mlmd2. Then we can derive 
from (vi) that 

(ix) {dk) (S) Xki - {dj) ® Xji G Im 82- 
We see from (iv) and (viii) that 

(x) {dj) (g) Xjk + {ckj) (S) Xij G Im 
Finally, we can derive from (ii) and (v) that 

(xi) - idk) ® Xl - idj) (g) X] 

(xii) {eik) ® (Xik + 2X2) 

are in Im92. 

So far we have shown that Ci{SL{g, Z); S'^L)/lmd2 is a quotient of the module M 
generated by the elements of types (II) and (V) with the relations (ix), (x) and (xi), where 
(xii) is used to remove {cik) ® Xik (type IV). It is easy to see that the homomorphism 
M Co{SL{g,Z);S^L) = S^L induced from the surjection 9i : Ci{SL{g,Z); S'^L)/ lmd2 - 
Co{SL{g,Z); S'^L) is an isomorphism, which implies di : Ci{SL{g,Z); S'^L)/ lmd2 = 
S'^L is an isomorphism and (2) is proved. □ 

Lemma 4.3. Ho{SL{g,Z); H2{S^L)) ^ {A\S^L))sLig,z) = 0forg>4. 

Proof. By definition, the coinvariant part {A'^{S'^L))sL{g,i) is the quotient of A'^{S'^L) by 
the submodule Qi generated by {[e;x] \ e G SL{g,Z), x G A'^{S'^L)}, where we put 
[e; x] := ex — x. Direct computations show that 

(i) [d,-XjAX]]=XfAX,,, 

(ii) [efc;;X2 AX,,] =X2 AX,,, 

(iii) [eu, ; Xf A X|] = Xf A (X| + X,,) , 

(iv) [Cji- Xf A X,k] = (X| + X,,) A X,k, 

(v) [e^j ; X] A Xh] = Xf A Xm + X,, A Xh 

are in Qi and that they generate A'^{S'^L) by running i, j, /c, / in {1, 2, . . . , g} with g > A. 
This completes the proof. □ 

Proof of PropositionE^{l), and {2) for g > A. By Lemmas lOlO and Hi{SL{g,Z)) = 0, 
wehaveE^ o = -^0,1 = -^1,1 = -^0,2 = in the spectral sequence (|4.3|) . Then Hi{urSp~^ {2 g)) 



and H2{urSp^{2g)) = H2{SL{g, Z)) immediately follow and we finish the proof for 
(7 > 4 by using the explicit description of H2{SL{g, Z)). □ 

Corollary 4.4. (1) Hi{urSp{2g)) = Hi{GL{g, Z)) = Z2 for g > 3. 

(2) H2{urSp{2g)) ^ H2{urSp+{2g)) for g > 3. 
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Proof. By using the Lyndon-Hochschild-Serre spectral sequence associated with the 
split extension (|4.1[) and Hi{urSp^{2g)) = 0, we can see that Hi{urSp{2g)) = Z2 and 
H2{urSp{2g)) ^ H2{urSp+{2g))z2. For ^ > 4, we have seen that H2{urSp+{2g))z2 = 
H2{SL{g,Z))z2- Clearly, the action of Z2 on H2{urSp'^{2g)) is compatible with that 
on H2{SL{g,Z)) and the latter one is known to be trivial. Hence H2{urSp{2g)) = 
H2{urSp~^{2g)) follows. When g = 3, the action of Z2 on H2{urSp^{2g)) is also triv- 
ial, since we can take —Iq as a lift of the generator of Z2 and the conjugation by — Jg is 
obviously trivial. Therefore H2{urSp{2g)) = H2{urSp^{2g)) holds also for g = 3. □ 

It remains to compute H2{urSp^{2g)) for g = 3. 

Lemma 4.5. Hi{SL{3, Z); S'^L) = Z2 and it is generated by {eu) ® X|. 

Sketch of Proof. Now SL(3, Z) has a presentation consisting of 6 generators and 13 rela- 
tions. Also we have S'^L = Z^. Hence the complex 

C2{SL{3, Z); S^L) % Ci{SL{3, Z); S^L) ^ Co{SL{3, Z); S^L) 

778 ^36 JZi 



can be explicitly written as Z' 



Z° with some matrices Di and D2. The 



author calculated the homology with the aid of a computer by using the Smith normal 
form. We omit the details. □ 

Lemma 4.6. Ho{SL{3,zy, H2{S^L)) = H2{S^L)sl(3,z) = {^\S''L))sLim = ^2 and it is 
generated by X| AX|. Moreover this generator is mapped non-trivially to H2{Sp{6, Z)) by the 
mapH2iS^L)sL(3,z) ^ //2(5p(6, Z)). 



Proof. We use the same notation as in the proof of Lemma I4.3[ The computational 
results (i), (iii) and (iv) are valid also for g = 3. In particular, Xf A Xij, Xij A Xjk and 
Xf A X| + Xf A Xjk are in Qi. We also see that 



[e/ci; Xf A Xij] 
[e,,;XfAX,,] 



Xi A X , 



kj 



2X1 A X| 



Xj^ A Xij + Xik A Xkj + Xik A Xij + Xj A X, 



kj, 



X,j A X/, 



are in Qi, from which X| A Xij + A X^j and 2Xf + X| are in Qi. Then there remains 
only two possibilities: {A'^{S'^L))sl{3,z) = or Z2 generated by 



X^ A X 



23 



Xi A X12 



X2^ A Xi3 = X^ A X2^ = X^ A X 



X,2 A Xi 



In fact, the latter is true. We show it by proving the third claim. In p5l| . Stern showed 
that H2{Sp{Q, Z)) = Z © Z2 with an explicit description of generators. We can check 
that X| A X| G iA'^iS^L))sL(3,z) just attains the Z2-component of H2{Sp{<o, Z)), which 
completes the proof. □ 

Proof of Proposition \4. 1 [ for g = 3. The E^-term of the Lyndon-Hochschild-Serre spectral 
sequence associated with the split extension (|4.1[) is given by 





















Hi{SL{3,Z);S^L) ^ Z2 


H2{SL{3,Z);S'^L) 




z 


Hi{SL{3,Z)) = 


H2{SL{3,Z)) ^-Ll 


H^{SL{3,Z)) 
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By Lemma l4!6l the generator of {A'^{S'^L))sl{3,z) = ^2 survives in H2{urSp^{Q)). There- 
fore d2 : H2{SL{3,Z); S^L) {f\^{S'^L))sL(?.,i) is a trivial map. The existence of the 
splitting of the extension (gl]) shows that 4 : H^{SL{?,, Z)) Hi{SL{3, Z); S^L) and 
^3 : H;{SL{3,Z)) ^ {A\S^L))sL(3,z) are also trivial. Hence = for p + g > 2. 
The .E'^-term says that there exists a filtration 

with H2{urSp+{6))/Fo ^ and Fq/Fi ^ Fi°;'p Again the existence of the splitting of 
the extension (gl]) shows that H2{urSp+{6)) = Fq © E^q ^ Fq © H2{SL{3, Z)). Finally 
we consider the extension 

iA\S'L))sLi3,z) = Z2 Fo //i(5i.(3, Z); S^L) - Z2 0. 

Suppose Fq = Z4. Then the second map Z2 Z4 should send 1 G Z2 to 2 G Z4. This 
contradicts to the fact that the generator of {a'^{S'^L))sl{3,z) attains the Z2-summand of 
H2{Sp{Q, Z)) ^ Z © Z2. Therefore Fq = Z2 © Z2 and we finish the proof. □ 



Remark 4.7. The homology of SL(3, Z) was completely determined by Soule 113411 . In 
particular, H3{SL{3, Z)) = Z^ © Z^. 

We finish this section by pointing out a by-product of our argument (see also Remark 
I5.2[t . Consider the second homology of the full mapping class group A^3,i of genus 3. 
In ||23i , Korkmaz-Stipsicz showed that H2 (A^s) is Z or Z © Z2. Now we can use Lemma 
13. H and the fact that the generator of {a'^{S'^L))sl{3,z) — ^2 attains the Z2-summand of 
H2{Sp{Q, Z)) = Z © Z2 to show that there exists an element of H2{M.3^i) which comes 
from H2{ICg^i) and attains the Z2-summand of H2{Sp{Q, Z)). Consequently, we have 

Theorem 4.8. H2{M^^i) = Z © Z2 

By using an argument of Korkmaz-Stipsicz, we can derive the following. 

Corollary 4.9. H2{M-i) = Z © Z2 and iJ2(-M3,*) = Z © Z © Z2, where Mg^^ denotes the 
mapping class group of a surface of genus g with one puncture. 

5. The first and second homology of Cg^i 

We use our results in the previous sections to determine Hi{Cg^i) and give a lower 
bound of H2{Cg^i). 

Z2©Z2 (^ = 3), 

Z2 (g > 4). 

(2) The map {cr\cg^J* ■ H2{Cg^i) — > H2{urSp{2g)) is surjective for g>3. 
Proof. We consider the five-term exact sequence 

(5.1) H2{Cg,i) ^ H2{urSp{2g)) ^ H^{lg,i)urSp{2g) ^ H^{Cg,{) ^ H^{urSp{2g)) ^ 

associated with the group extension (|2.2|) . We have seen that Hi{urSp{2g)) = Z2. We 
now show that 

Z2 ig = 3), 



Theorem 5.1. (1) Hi{C 



9,1) 



{g > 4), 
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which proves the theorem for (? > 4. 

Weput Hi{Ig^i)urSp{2g) = Hi{Ig^i) / Q2 With Q2 ger\eratedby {[(t;x] | a G urSp{2g),xe 
ifi(Jg 1)}. Note that Q2 contains Qo in the proof of Lemma |3^ since S'^L C urSp{2g). 

We have 



^ © eik, iVi A Vj A Vk, yiVjVk)] = iVi A Vj A yi, yiVjVi) 



for g > 4: and 

[e~k^ © eki] ivi A Xj A yj^yiXjlJj)] = {yk A a;^ A yj^yk^jUj) 
for > 3. Hence Hi{Ig^) /Q2 = holds for (7 > 4. In the case of (7 = 3, we also have 




(2/1 A?/2 A 2/3,1/12/2^3) 



2(2/1 A ?/2 A 2/3,2/12/2^/3) 



kfc^ ©efci; (0,2/i2/i)] = (0,2/fc2/i)- 

Therefore Hi{Is^i) /Q2 is at most Z2 generated by (2/1 A 2/2 A 2/3;yiy2^3)- To see that 
Hi{X-j,^i) / Q2 = 1'2r which proves (1), and also (2) simultaneously, we now show that 
there exists a splitting Hi (£3,1) Hi (Xa^i) / Q2 by constructing a homomorphism //i (£3,1) 
Z2 whose precomposite by Hi{Ig^i) Hi{Cg^i) is non-trivial. Indeed if such a homo- 
morphism exists. Hi (X3 1 ) /(52 = ^2 immediately follows and the composite Hi (X3 1 ) /Q2 - 
HiiCs^i) — i> Z2 = Hi{l3^i)/Q2 becomes the identity map. 

Our construction uses the extended Johnson homomorphism 

p = {k, a) : A<3,i ^^A'^Hy^ Sp{6, Z) 

first defined by Morita Il30l . Note that k : M.3^1 | A^ i/ is a crossed homomor- 
phism which extends the original Johnson homomorphism r : X3 1 — > A^H. Precisely 
speaking, the extension k is not unique but unique up to certain coboundaries (see 
Il30i Sections 4, 5] for details). We here use Birman-Brendle-Broaddus's formulation |5l 
Section 2.2] and denote their crossed homomorphism by k : A^3,i ^ ^ A'^ H again. 
Consider the composition 



^\^nA 1 q Droi 1 Q , _ . 1 Q „q _ . 1. 



^,c,i ^a'h^-a^l = -a^z^ = -z^(-z] /(2Z) 

^ 2 2 2 2 V2 / 

where the second map is induced from the projection H ^ L {in other word, this map 
assigns the coefficient of 2/1 A 2/2 A 2/3 under our basis of H). For the map ip, we claim the 
following: 

(i) ImV^ C Z/2Z = Z2; 

(ii) -ip : £31 Z2 is a homomorphism; 

(iii) the composite J3,i £3,1 Z2 is non-trivial. 

To show (i), we recall that £3,1 = X3,i7i3,i, where H^a is the inverse image of the map- 
ping class group of a handlebody H^ of genus 3 by MgA Mg. Birman-Brendle- 
Broaddus showed in [Si Section 2.2] that k{h) has no yi A yj A yk terms for each h G Hs^i. 
Since 

k{f) = k{ih) = k{i) + A?(/2.) = k{i) + k{h) 
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for any element f = ih E £31 with i E I^^i and h E £3,1, and k{i) = T{i) E A^H, we see 
that '?/'(/) = + i'ih) = E Z/2Z, which proves (i). Next, (ii) follows from the 
facts that £3^1 acts on H with keeping L and acts on L through am '■ ^3,1 GL{3, Z) 
and that GL(3,Z) acts on A^L = Z through det : GL(3,Z) {1,-1}. Finally, (iii) 
clearly follows from the construction and we finish the proof. □ 



Remark 5.2. The above computation of 



g,l)urSp(6) 



and 



/I 







LVo 



00000^ 
10000 



1 


1 



000 
1 
1 
001/ 



{yi Ay2 Ax3,y^y2X3) 



(Z/l A?/2 A?/3,l/ll/2Z/3 +l/l?/2) 



show that Hi{Ig^i)sp{6,z) = (see also Putman fST} Lemma 6.4]). Then by the five 
time exact sequence associated with (|2.1|) , the map -^2(^^3,1) H2{Sp{Q,Z)) is onto. 
Therefore, by using the results of Korkmaz-Stipsicz and Stein mentioned in Section HI 
we can obtain another proof of if2(Al3,i) = Z © Z2. 

Remark 5.3. The stable homology lim H2{SL{g, Z)) = Z2 also appears in the second 
homology of the automorphism group of a free group as shown by Gersten IITll . 



6. Results for Lagrangian mapping class groups of closed surfaces 

We now consider Lagrangian mapping class groups Cg and ICg for closed surfaces. 
The relationship of Cg^i and Cg is given by the exact sequence 



c 



3,1 



where TiSg is the unit tangent bundle of (see ||3|]), and the relationship of TCg^i and 
ICg is obtained by replacing Cg^i and Cg with ICg^i and TCg. As a subgroup of Cg^i and 
IC-g^i, 7ri(riSg) c Xg,i is generated by the Dehn twist along the boundary curve of S 
and spin-maps (see Birman's book [3, Theorem 4.3], [29, Section 3] for example). 

S^L 



3,1 



Theorem 6.1. Hi {TCg 



A^L* 
A^L* 



a2(L* ® Z2) 



{9 = 3), 
(^7>4). 



Proof. We have an exact sequence 

ifi(7ri(TiS,)) - 



HiilCg 



0. 



^HlilCg,l) 

In |24', Section 3.4], Levine showed that 7ri(TiSg) projects trivially on A^L* and onto on 
L* with respect to the abelianization 



3,1> 



L* 
L* 



a2(l* 



Z, 



(9 = 3), 
(^7>4). 

Since 7ri(TiSg) is contained in Ig^i, it projects trivially on S'^L. Hence the theorem for 
g > 4: holds. In the case oi g = 3, we can directly check that all of generators of tti (T1S3) 
are sent to G A^(L* ® Z2), which completes the proof for g = 3. □ 



LAGRANGIAN MAPPING CLASS GROUPS FROM GROUP HOMOLOGICAL POINT OF VIEW 15 



Theorem 6.2. (1) Hi{Cg) = Hi{C 



Z2 0Z2 (^ = 3), 
Z2 ((7>4). 
(2) The map {o\c^* : B.2{Cg) H2{urSp{2g)) is surjective for g > 3. 



Proof. Since ^ : Cg^i urSp{2g) factors through Cg, (1) for g > A immediately 
holds. (1) for g = 3 also holds by explicit computations of the extended Johnson homo- 
morphism for generators of 7ri(TiS3). The proof of (2) is the same as that of Theorem 

EB □ 



7. Remarks on higher (co)homology of Cg and ICg 

7.1. Relationship to the homology of the pure braid group. In [IMI], Levine studied 
various ways for embedding the pure braid group P„ of n strands into Mg^i and Mg, 
where n = g,2g etc. We now use one of them defined as follows. Let Dg be a disk with 
g holes. We take an embedding l : Dg ^ i as in Figure |3l, where the belt circles of 
handles correspond to x/s in Figure [H The mapping class group of Dg, where the self- 
diffeomorphisms of Dg are supposed to fix the boundary pointwise, is known to be 
isomorphic to the framed pure braid group of g strands. Here the framing counts how 
many times one gives Dehn twists along each of the loops parallel to the inner bound- 
ary. For any choice of framings, we have a homomorphism from the pure braid group 
Pg of g strands to Mg^i by extending each mapping class by identity on the outside 
of i{Dg). We can easily check that the image of this map is contained in Cg^i. Conse- 
quently we have a homomorphism $ : P^, — > Cg^i. Similarly, we have a homomorphism 
from Pg to Cg also denoted by $ : — £3. 




Figure 3. The embedding l: Dg--^ i 



Theorem 7.1. The induced map : H^{Pg) H^{TCg) is injective. 

Proof. Consider the induced map H*{S^L) ^ H*{Pg) of the composite Pg ICg 
S'^L on cohomology. Here the ring structure of H*{Pg) was completely determined 
by Amol'd in and in particular, it was shown that H*{Pg) is a finitely gener- 
ated free abelian group and is generated by degree 1 elements as a ring. The for- 
mer shows that H^{Pg) is also finitely generated free abelian and the latter shows 
that H*{S'^L) H*{Pg) is onto since it is clear from a presentation of Pg (see JSl 
for example) that H^{S'^L) H^{Pg) is onto. By passing to homology, we see that 
H*{Pg) — ^ H^{S'^L) is injective. The theorem follows from this. □ 
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7.2. Vanishing of odd Miller-Morita-Mumford classes on Cg. Finally, we discuss the 
rational cohomology of higher degrees of Cg with relationships to characteristic classes 
of oriented E^-bundles called Miller-Morita-Mumford classes. 

Here we recall the definition of Miller-Morita-Mumford classes following Morita 
II29L Let Tx : E ^ B he an oriented S^, -bundle over a closed oriented manifold B. Since 
Eg is 2 dimensional, the relative tangent bundle Ker vr^, is a vector bundle over E of 
rank 2. In particular, we can take its Euler class e G H'^{E). Then i-th Miller-Morita- 
Mumford class Ci is defined by 

er.= He'^')eH'\B), 

where tti : H*(E) — > H*~'^(B) is the Gysin map. This construction is natural with 
respect to bundle maps, so that we can regard as a cohomology class in the clas- 
sifying space. Namely Cj G /J^*(-BDiff+Sg), where i?Diff+Sg is the classifying space 
of the topological group Diff+S^, of orientation preserving self-diffeomorphisms of S^, 
with C~-topology. By a theorem of Earle-Eells [il2J, we have i?Diff+Sg = K{Mg, 1). 
Therefore 

ei G H^'{BDiS+Eg) = H^\K{Mg, 1)) = H^\Mg). 

Now we ask whether Cj G i7^*(A^g;Q), regarded as a rational cohomology class, 
survives in H'^'^{Ig] Q) by the pull-back of Jg ^ Mg. A partial answer to this question is 
given as follows (see Morita [29]). It is known that every odd class e2i-i G H'^^~'^{M.g; Q) 
can be obtained as the pull-back of some class in H'^^^'^(Sp{2g,Z);Q), which implies 
that all the odd classes e2i-i vanish in H*{Xg] Q). However, this argument says nothing 
about even classes e2i and it has been a long standing problem to determine whether 
even classes e2i vanish or not in H*(Ig] Q). 

The author's motivation for the study in this paper is to attack this problem by con- 
sidering groups locating between Aig and Xg and investigating the behavior of e, on 
those groups. As an example of such a group, some finite index subgroups including 
level L mapping class groups defined as the kernel of the composite 

Mg — > Sp{2g,Z) — > Sp{2g,Z/LZ) 

are often studied. However, finite index subgroups, say G, cannot answer to the above 
problem since there exists a transfer map 

tT:H*{G;Q)^H*{Mg;q) 

such that tr o i* : H*{Mg\ Q) H*{Mg] Q) is the multiplication by a positive integer 
[Mg : G], where i : G "—^ Mg denotes the inclusion. In particular, we see that the pull- 
back map on the rational cohomology is always injective for any finite index subgroup. 
Therefore we shall need infinite index subgroups and we focus on Cg and XCg in this 
paper. At present, we cannot give the final answer even for Cg, but we now present an 
observation for odd classes, by which we finish this paper. 

Lemma 7.2, If g is sufficiently larger than q, we have 

H'^{urSv{2g)- Q) = H'^{GL{g, Z); Q). 
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Proof. The ii'2-term of the Lyndon-Hochschild-Serre spectral sequence for the group 



extension (|2.4|) is given by 

E^''' = HP{GL{g,Z)-H\S''L- 

Our claim immediately follows once we show that HP{GL{g,Z); Hi{S^L;Q)) = if 
g > 1. Since H^iS^L; Q) ^ A''{S^{L* ® Q)) and it is easy to show that the invariant part 
A*(S'^(L* (g) Q))'^^(9'^) is trivial, we can use Borel's vanishing theorem |[7|] to show that 



HP{GL{g,Z);H\S^L; 



for any q > 1. 



□ 



Theorem 7.3. For every i, the {2i — l)-st Miller-Morita-Mumford class e2i-i vanishes in 
H^^~'^{Cg] Q) if g is sufficiently larger than i. 

Proof. In this proof, we discuss by using the cohomology of topological spaces. It is 
known that the group cohomology H*(G) of a discrete group G can be written as 
H*{BG^), where BG denotes the classifying space of G. When G is a Lie group, we 
write G""°° for G with C°°-topology and G^ for G with discrete topology 
Consider the following commutative diagram: 



H*{BSp{2g,Rf 

Biidy 

H*{BSp{2g 



H*iBSp{2g,Zy, 



Ba* 



>H*{BurSp{2g)]i 

>H*{BC,;Q) 



H*{BGL{g,Rf°° 

B{id)* 

H*{BGL{g,RY-' 



H*{BGL{g,Zy,^ 



H*{BMgy,Q) 

where id denotes the identity map, which always gives a continuous map from G with 
discrete topology to that with C°° topology for a Lie group G, and all the arrows not 
indicated are pull-backs by the induced maps of inclusions on classifying spaces. We 
now assume that g is sufficiently large. Since Sp{2g,R)^'^ is homotopy equivalent 
to the unitary group U{gf°°, we have H*{BSp{2g,Rf^ ;Q) = H*{BU{gf°° ;Q) and 
the latter is known to be isomorphic to the polynomial algebra Q[ci, C2, . . .] generated 
by the Chern classes ci,C2, . . . independently in the stable range. This polynomial 
algebra Q[ci,C2,...] is mapped onto Q[ci, C3, C5, . . .] in H*{BSp{2g,'R.y;Q), and onto 
Q[ei, 63, 65, . . .] in H*{BMg] Q). We refer to |29l again for these arguments. On the 
other hand, it was shown by Milnor 1281 Appendix] that 

Biidy : H*{BGL{g, Rf^; Q) ^ H*{BGL{g, R)'- Q) 

is trivial for * > L By combining this fact with Lemma [Z!2l the theorem follows. □ 



Remark 7.4. Recently, Giansiracusa-Tillmann II15I have proved a closely related re- 
sult that odd Miller-Morita-Mumford classes vanish in the integral cohomology of the 
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handlebody subgroup Hg for g > 2. In fact, they showed that odd Miller-Morita- 
Mumf ord classes are in the kernel of the pull-back map on the integral cohomology by 
BDiS+M BDiS+Eg where M is any 3-manifold M with dM = J^g. 
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